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a b s t r a c t
In this paper, we propose a steady-state lattice Boltzmann equation which is independent
of time for steady incompressible flows. On the basis of the steady-state lattice Boltzmann
equation, we find a way of modeling some steady-state problems using the lattice
Boltzmann model. In further study, we investigate steady-state incompressible flows with
the method of the higher-order moment of equilibrium distribution functions and a series
of partial differential equations for different space scales. By assuming ρ = constant,
we obtain the momentum equation for incompressible steady-state flow. The numerical
results show that the new method is effective.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Gas kinetic theory plays a fundamental role in understanding many complex processes. In the 1990’s, the lattice
Boltzmann method (LBM) was introduced as a new computational tool for use in the field of complex systems. The
method is applied not only in the study of fluid dynamics but also to study systems governed by related partial differential
equations. As a kinetically inspired mesoscopic numerical approach, the LBM is becoming a viable and promising scheme
for computational fluid dynamics (CFD) use. Historically, the LBM originated from lattice gas automata (LGA) [1]. The LGA
represent an innovative and yet highly unconventional methodology for simulating physical systems which can or cannot
be represented by partial different equations. However, the LGA have some drawbacks such as the presence of statistical
noise and the lack of Galilean invariance for modeling fluid flow on the basis of kinetic theory. The LBM solves the problems
by modifying the evolution equation of the LGA [2–6]. Many lattice Boltzmann models are deemed appropriate in those
areas that simulate formidable fluid problems such asmultiphase flows [7–9], complexmulti-physical transport [10], multi-
component flows [11–13], porousmedia flows [14,15], flows of suspensions [16,17], compressible flows [18–20] and steady-
state flows [21,22]. The method is applied not only in the study of fluid dynamics but also to study systems governed by
related partial differential equations, such as the Burgers equation [23,24], the KdV equation [25], the Lorenz equations [26],
the Schrödinger equation [27–30] and the Poisson equation [31–34]. In addition, the method has been applied to study
some complex systems, such as fluid–solid transfer [35], electro-kinetic transport [36], and complex multiphase materials
problems [37].
In this paper, we propose a higher-order moment method with multi-scale expansion and a series of partial differential
equations for different space scales for the steady-state problem. Unlike the case for the LBM calling for a matrix
formulation [21] and that of preconditioning [22,38]which introduces a parameter in the nonlinear terms of the equilibrium
distribution function, there is a simple iterative procedure marching in a sort of pseudo-time. Furthermore, we give a lattice
Boltzmann model for the steady-state incompressible Navier–Stokes equations based on this series of equations.
Generally, the lattice Boltzmann models used in dealing with steady-state problems have been time dependent. They
will take a relatively long time to converge to a steady state. To overcome this drawback, we modify the conventional
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Fig. 1. Diagrammatic sketches of a two-dimensional lattice and a seven-bit hexagonal lattice.
lattice Boltzmann model and introduce a steady-state lattice Boltzmann model and a correspondence to a series of partial
differential equations on multi-spatial scales and higher-order moments.
In this paper, we propose a steady-state lattice Boltzmann equation. A series of partial differential equations for different
spatial scales are given. Using the higher-order moment method, we recover the steady-state incompressible momentum
equation.
In the next section, the lattice Boltzmann model is described. In Section 3, numerical examples are simulated, and
Section 4 gives concluding remarks.
2. The lattice Boltzmann model
2.1. A series of partial differential equations for different space scales
In this paperwe consider a lattice Boltzmannmodelwhose lattice has b links that connect the center site to b neighboring
nodes. It is actually a (b+ 1)-bit model, if particles at rest, with displacement e0 = 0 between the two adjacent nodes, are
allowed at eachnode. For the cases of dimensional numberD = 1 andD = 2, the displacements of particle in other directions
are
eα = x0 cos 2(α − 1)πb + y0 sin
2(α − 1)π
b
, α = 1, . . . , b
where x0, y0 are the unit vectors in the x, y directions respectively. A seven-bit hexagonal lattice is shown in Fig. 1.
We define fα(x) as the distribution function at site x, connecting the α direction. The steady-state lattice Boltzmann
equation (LBE) is expressed as
fα(x+ εeα)− fα(x) = −1
τ
[fα(x)− f eqα (x)], (1)
where τ is the single relaxation factor, and f eqα (x) is the local equilibrium distribution function at site x in direction α; eα
are unit vectors along the α directions, namely |eα| = 1.0, ε is the Knudsen number, defined as ε = ℓL , where ℓ is the mean
free path, and L is the characteristic length. Here, ε is equal to the lattice spacing 1x for eα a unit vector. The steady-state
lattice Boltzmann equation above is different from the traditional lattice Boltzmann equation because it is independent of
time.
The Chapman–Enskog expansion is applied to fα(x) under the assumption of small Knudsen number ε:
fα =
∞−
n=0
εnf (n)α . (2)
In Eq. (2), f (0)α denotes f
eq
α .
There, we define the multi-scale space by
x0i = xi, x1i = εxi, x2i = ε2xi, x3i = ε3xi (3)
and
∂
∂xi
=
3−
j=0
εj
∂
∂xji
+ O(ε4). (4)
Performing the Taylor expansion of Eq. (2) and retaining terms up to O(ε5), and substituting Eqs. (2)–(4) into Eq. (1), the
equations to order ε, ε2, ε3 and ε4 are respectively
∆0f (0)α = −
1
τ
f (1)α , (5)
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∆1f (0)α + C2∆20f (0)α = −
1
τ
f (2)α , (6)
C3∆30f
(0)
α + 2C2∆0∆1f (0)α +∆2f (0)α = −
1
τ
f (3)α , (7)
C4∆40f
(0)
α + 3C3∆20∆1f (0)α + 2C2∆0∆2f (0)α ∆3f (0)α + C2∆21f (0)α = −
1
τ
f (4)α . (8)
Eqs. (5)–(8) are called a series of partial differential equations in different space scales x0i, x1i, x2i, x3i, where ∆s ≡ eαj ∂∂xsj ,
s = 0, 1, 2, 3, and C1, C2, C3, C4 are expressed as the forms below:
C1 = 1 (9)
C2 = 12 − τ , (10)
C3 = τ 2 − τ + 16 , (11)
C4 = −τ 3 + 32τ
2 − 7
12
τ + 1
24
. (12)
C1, C2, C3, C4 are the first four items of the Bernoulli polynomials, which appear in Refs. [34,39].
2.2. Definitions of the macroscopic variables
The macroscopic quantities density ρ(x) and velocity v(x) are defined as follows:
ρ(x) =
−
α
fα(x), (13)
ρ(x)v(x) =
−
α
fα(x)eα. (14)
Additionally, the local equilibrium distribution function f eqα (x) has to meet the conservation condition:−
α
f eqα (x) = ρ(x), (15)−
α
f eqα (x)eαj = ρ(x)uj(x). (16)
According to Eqs. (13)–(16), we have−
α
f (n)α (x) = 0,
−
α
f (n)α (x)eαj = 0, n ≥ 1. (17)
Taking a summation of Eq. (5) with respect to α, then
∂ρuj
∂x0j
= 0. (18)
Taking a summation of Eq. (5) and multiplying eαi by α, then
∂π0ij
∂x0j
= 0. (19)
Obviously, the second-order moment π0ij ≡
∑
α f
(0)
α eαieαj is the form
π0ij = ρuiuj + pδij. (20)
Eqs. (19) and (20) are the Euler equations.
Taking (5)+ (6)× ε and summing over α, we thus have
∂ρuj
∂xj
+ εC2
−
α
∆20f
(0)
α = O(ε2). (21)
Taking (5)+ (6)× ε, multiplying by eαi and summing over α, we have
∂π0ij
∂xj
+ εC2
−
α
∆20f
(0)
α eαi = O(ε2). (22)
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In order to understand the terms εC2
∑
α ∆
2
0f
(0)
α and εC2
∑
α ∆
2
0f
(0)
α eαi, the equilibrium distribution functions need to be
determined. We assume the form
f eqα =

A0ρ + A2ρujeαj + A5ρuiujeαieαj + A6ρu2, (α = 1 . . . b)
B0ρ + B6ρu2, (α = 0) (23)
where A0, A2, A5, A6, B0, B6 are parameters to be determined.
Substituting Eq. (23) into Eqs. (15), (16) and (20), the coefficients of Eq. (23) can be determined. These coefficients are
A0 = B0 = 1b+ 1 , A2 =
D
bc2
, A5 = D(D+ 2)2bc4 , A6 = −
D
2bc2
, B6 = − 1c2 , (24)
where D(=2) is the space dimension, b (= 6 for a hexagonal lattice) is the link number per site, and c = |eα|.
The pressure is
p = bc
2
(b+ 1)Dρ = C
2
s ρ. (25)
In Eq. (25), CS is the speed of sound.
The term εC2
∑
α ∆
2
0f
(0)
α is
εC2
−
α
∆20f
(0)
α = εC2
∂2π0jk
∂x0j∂x0k
= 0. (26)
The term εC2
∑
α ∆
2
0f
(0)
α eαi is
εC2
−
α
∆20f
(0)
α eαi = εC2
∂2P0ijk
∂x0j∂x0k
, (27)
where P0ijk ≡
∑
α f
(0)
α eαieαjeαk. Substituting Eq. (24) into P
0
ijk, we have
P0ijk =
bc4A2
D(D+ 2) (ρukδij + ρuiδjk + ρujδik). (28)
Thus,
∂2P0ijk
∂x0j∂x0k
= bc
4A2
D(D+ 2)

2
∂2ρuj
∂x0i∂x0j
+ ∂
2ρui
∂x0j∂x0j

. (29)
For incompressible flow, and assuming ρ = constant, we have
εC2
−
α
∆20f
(0)
α eαi = εC2
∂2P0ijk
∂x0j∂x0k
= εC2 c
2
D+ 2ρ∇
2
0ui, (30)
where operator ∇20 = ∂
2
∂x0∂x0
+ ∂2
∂y0∂y0
. On the basis of Eq. (4), we have
∇20ui =
∂2ui
∂x2
+ ∂
2ui
∂y2
+ O(ε). (31)
Thus, Eq. (22) becomes
∂π0ij
∂xj
= µ∇2ui + O(ε2), (32)
where the coefficient of viscosity is
µ = −εC2 c
2ρ
D+ 2 = ε

τ − 1
2

c2ρ
D+ 2 . (33)
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Fig. 2. (a) Comparisons between the LBM result and exact solution for the plane Poiseuille flow at x = 2.0. Circles show the LBM result; the solid line is
the exact solution. The parameters are τ = 1.57, ρ = 0.5, dpdx = −0.1, ε = 0.02, c = 1.0. The lattice size is 200×50. (b) The curve of infinite norm ‖Er‖∞
versus the Knudsen number ε.
3. Numerical examples
In this section, we carried out two numerical simulations and compared between the lattice Boltzmann method
numerical solutions and exact solutions.
Example 1 (The Plane Poiseuille Flow). In this case the pressure gradient is a known value and both walls are at rest
(at h = ±0.5); say, the velocities are zero on both walls. We have an exact solution of the velocity as follows:
u = − 1
2µ
dp
dx
(h2 − y2). (34)
In this example, numerical simulation is carried out on a 200 × 50 lattice; the region is [0, 4] × [−0.5, 0.5]. The single
relaxation factor is τ = 1.57, ρ = 0.5, dpdx = −0.1, ε = 0.02, c = 1.0.
The boundary conditions of the variables are divided into three kinds of cases. (1) The incoming boundary: we use the
Dirichlet boundary condition as the velocity Eq. (34) anddensityρ = constant. (2) Theupper andbottomboundary solidwall
boundaries: we use the Dirichlet boundary condition as velocity uj = 0 and density ρ = constant. (3) The right boundary a
downstream boundary: the Neumann boundary conditions are employed.We assume that the distribution function is equal
to the equilibrium distribution function at the boundaries. Thus, the boundary conditions of the distribution function are
obtained.
Detailed numerical results are shown in Fig. 2, where Fig. 2(a) shows the profiles of the velocity of the LBM result and
the exact solution. It shows that the numerical result is almost the same as the exact solution.
For convenience, we consider the relations between the infinite norm of the absolute error ‖Er‖∞ = |uN−uE |max and the
Knudsen number ε, where uN is the numerical solution and uE is the exact solution. Fig. 2(b) illustrates the relation between
‖Er‖∞ and the Knudsen number ε. We find that the absolute error becomes smaller when the Knudsen number ε becomes
smaller. This indicates that the model is convergent.
Example 2 (The Boundary Layer of an Incompressible Flow on a Flat Plate). Consider a flat plate placed along the direction
of a uniform stream of velocity U . Let the x-axis be in the direction of the plate, and the y-axis be normal to the plate. The
boundary equations for the present problem are
∂u
∂x
+ ∂v
∂y
= 0, (35)
u
∂u
∂x
+ v ∂u
∂y
= ν ∂
2u
∂y2
, (36)
and the boundary conditions are
y = 0 : u = v = 0; y = ∞ : u = U∞. (37)
In Example 2, the numerical simulation is carried out on a 200 × 100 lattice. The parameters are τ = 0.505, ρ = 0.5,
U∞ = 1.0, c = 1.0. Detailed numerical results are shown in Fig. 3(a) and Fig. 3(b). In Fig. 3(a), the circles show the
velocity distribution of the numerical simulation using the LBM, and the solid line is the Blasius result. Fig. 3(b) illustrates
the boundary layer thickness. The solid line is the Blasius result—say, the boundary layer thickness δ(x) = 5.0

νx
U∞ ; the
dashed dots show the LBM result. This shows that the numerical result is almost the same as the exact solution.
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Fig. 3. Comparisons between LBM result and the Blasius result for the boundary layer of an incompressible flow on a flat plate. (a) The circles show the
velocity distribution of the numerical simulation using the LBM; the solid line is the Blasius result. (b) illustrates the boundary layer thickness. The solid
line is the Blasius result; the dashed dots show the LBM result. The parameters are τ = 0.505, ρ = 0.5,U∞ = 1.0, c = 1.0. The lattice size is 200× 100.
4. Conclusion
In this paper, a steady-state lattice Boltzmann model for the incompressible Navier–Stokes equation is proposed. By
modifying the traditional LBE, we obtain a steady-state lattice Boltzmann equation which is independent of time. On the
basis of the new lattice Boltzmann equation, we derive a series of partial differential equations for different space scales
which are all independent of time. Furthermore, we obtain the Navier–Stokes equation with second-order accuracy.
Two numerical examples show that this new lattice Boltzmann model is an appropriate tool for simulating the steady-
state Navier–Stokes equation.
Finally, we point out that the new LBM model can be applied to other steady problems, because the series of partial
differential equations for different space scales and the equilibrium distribution functions are independent of time. Because
of the feature of being independent of time, the newmethod will be a strong tool for simulating steady fields. Nevertheless,
there are many problems to be solved to develop this model as a tool for simulating partial differential equations. We will
discuss these problems in further papers.
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